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ABSTRACT
Present paper shows that even seemingly acceptable linearization of the mathematical model of harmonically excited nonlinear

magnetic circuit may lead to appreciable errors.
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1. INTRODUCTION

When a mathematical model of AC magnetic circuits
of electrical machines and devices is built, its linearization
is often done, i.e. the course of permeability x = p(H) of
the magnetic circuit is replaced by a constant value. The
error caused by the linearization is intuitively considered
as negligible. The solution of a mathematical model with
linearization of permeability is much simpler, because
harmonically complex representation of the time-variable
waveforms is possible [1], [2]. Presented paper shows that
primarily when magnetic heavily saturated magnetic
circuits are modelled (mentioned devices are normally
working under this condition), the linearization of
magnetic properties may lead to totally inaccurate results.
This fact will be demonstrated on a simple configuration
of an alternately magnetized ferromagnetic cylinder.
Admissibility of the linearization of the magnetization
curve of the cylinder is decided by the comparison of the
Joule losses caused by eddy currents induced in the
cylinder.

2. FORMULATION OF THE PROBLEM

To ensure good accuracy and reliability of the solution of
an AC magnetic circuit, it is necessary to deal with the
validity of the used mathematical model. We focus on a
simple magnetic circuit according to Fig.1, which consists
of a ferrite jacket (1 = 10*, ¥ — 0), solid cylinder of
electrical steel (its magnetic curve is shown in Fig. 2, y =
1,4 . 10" S/ m) and a coil of a thin wire made of copper
(skin effect is negligible) with the current density J(¢) = J,
sin @t (o = 2 7 f). The magnetic field in the cylinder is
calculated using both nonlinear model and by using the
linearized model. The results of both calculations are
compared based on the values of Joule losses due to eddy
currents in the cylinder. The derivation of the following
equations is described in [1]. Numerical solutions are
carried out using the Quick Field 5.0 [3].

2.1. Nonlinear mathematical model

Equations. The equation for the magnetic vector
potential A is

0A

1
rot—rotA = —-y— + J 1
p r— (1)
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For 2D cylindrical coordinates is A = ayAdy(r, z, 1), J =
ayJ,. Eq. (1) passes to

o| 1 o o|1o0 0A4
—|——=(r4 —|—=(rd,)| = y—==-J, (2
8r|:yr8r(r a)}—i_é’z[y@z(r Q)} - « @
ferrite coil iron
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Fig. 1 Nonlinear AC magnetic circuit
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Fig. 2 Magnetization curve of the electrical steel;
l..... B=B(H), 2..... tt, = u(H)

The definition area. Because of the symmetry we work
with one quarter of the area in which the magnetic field is
distributed (Fig. 3): domain Q is composed of four
subareas: Q = Q; + Q, + Q; + Q, wherein subarea Q,;
corresponds to the ferrite coat, subarea Q, corresponds to
a cross-section of the coil, subarea Q3 corresponds to a
ferromagnetic cylinder and subarea Q, corresponds to the
surrounding air.

Based on the knowledge of the field of A, (7, z, ) can
be determined:
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* vector components of the magnetic flux density B:

04 04 A4
B (raf) =——= B(nzf) = —=+ == ()

* current density of eddy currents induced in the cylinder
by time-varying magnetic field

04

™ (C)

Jeddy,a (7", Z, Z‘) =7

* Joule losses density caused by eddy currents

JZ
w, (r,z,t) = Zedbve 5
e
Boundary conditions, Fig. 3; (¢ > 0):
AB: A,=0 ... antisymmety to the asis » = 0
BC.CD: A,=0.... fictive boundary 7,
continuity of the magnetic field (6)
DA: % =0 ..... symmetry to the plane z= 0
z
Initial condition (7=0):
0Q,,..,09,: A4,=0 ... the coil is not powered @)
V4
D C
Q,
[~
Q4
e
Q,
Q3
S
r
0=A B

Fig. 3 Definition domain (2 and its subdomains £2,, ..., £2,.

2.2. The linearized mathematical model

For the time-varying magnetic field in the linearized
surroundings is valid

A
rotrot A = —7yz—t+ uJ ®)
The Helmholtz equation in the phasor expression is
rotrot A + kA = uJ, k=—jouy, 0=2xf 9)

where A, J are phasors of vectors A, J and 4 is usually
set as the mean permeability ¢ = u(H) on the interval < 0,
H, > where the intensity of magnetic field H, corresponds
to the amplitude of the excitation current /:
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1%
Mg = — | CH)AH (10)
Hy 4

For 2D, the magnetic field in cylindrical coordinates
(r, z) shall take form of the Eq. (8)

o|10 0’4 0A

= (rA) |+ = = 2=t (11
a,,.|:,,. a},( 0‘):| aZZ Hiaa ¥ 81‘ Hiniaa o ( )
and Eq. (9) passes to

o1 o0 |

R + “ + K4 = -y J 12
6}’[}’ ar S )} o A = THuare (12
where 4, = 4, (r,z)and J,, = const.are phasors. For

1
quantities J,, , andwy, = — Jz, . is valid
, P :
Jeddyo (7, 2) = —] @ ¥ Hmiga Ag (13)
_ 1 .
WJ - WJ (}",Z) - ; (leddy,a 'leddy,a) (14)

*
Wher © leddy,a

phasor. Usually with an effective complex value is worked

is the complex conjugated phasor to the

ieddy,a,ef = leddy,oz/\/5 (15)
and hence

1 *
W] (I",Z) = 2_ (ieddy,a,ef .ieddy,a,ef) (16)

3. COMPUTER MODEL

Numerical solutions of these mathematical models
were performed with the use of FEM program QuickField
5.0. Nonlinear model was solved under module Transient
Electromagnetics and linearized model under module
Transient Electromagnetics and also under module Time-
Harmonic Magnetics (in phasor formulation). Fig. 4
presents a sample of the calculated course of the lines of
the magnetic field 4, (r,z¢)= const. For the nonlinear

model the convergence of numerical solutions was
studied, i.e. the influence of the discretization at the

geometric discretization range dJ,,,, J,, (Tab.1) was
examined, as well as the influence of the discretization of
time Ar (Tab. 2). Tab.1 shows that the accuracy of the
results is influenced by values J,;, , i.e. the discretization

of the subarea (2, (cylinder), but the influence of the

ax

discretization o

negligible considering the accuracy of the magnetic field
in the cylinder. Comparing both Tables 1 and 2 shows that
the effect of the discretization Ar compared to the
influence §,,, is not signifi- cant. Thus, the values set by
the space-time discretization therefore provide acceptable
accuracy of the solution.

of the subarea (2, (environment) is
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Fig. 4 The course magnetic field lines of force according tothe
nonlinear mathematical model; J,, = 1.10° A/m?, f=50Hz,

t/T,=0.75, scale of magnetic field lines: 4.10° Wb

Table 1 The convergence of the numerical solution: the
influence of the smoothness of the used geometrical mesh;

(first period, J, =2.10° A/m*, f =50 Hz)

wy [10°W/m*]

1.0E-3 1,0E-4 2,5E-4 | & mn [M]

1,0E-3° 8 max [M]

tT, 1,0E-4 At [sec]
0,1 4,893 4,872 4,876
0.2 6,338 6,413 6,357
0,3 4215 4,176 4,181
0,4 1,337 1,296 1,288
0,5 0,595 0,573 0,578
0,6 6,909 7,379 7,339
0,7 9,286 9,437 9,433
0,8 6,324 6,391 6,389
0,9 1,913 1,987 1,957
1,0 0,422 0,411 0,416

Table 2 The convergence of the numerical solution: the
Influence of the of the used space-time mesh
(first period, J, = 2.10° Am™, /' =50 Hz)

w, [10° W/m® ]

1,0E-3 | 50E-4 2,5E-4 |8 mn [m]

1,0E-3° S max[m ]

tIT, 1,0E-4 | 5,0E-5 2,5E-5° | At [sec]
0,1 4893 | 4,898 4,900
0,2 6,338 | 6,443 6,380
0,3 4215 | 4184 4,195
0,4 1,337 | 1,301 1,295
0,5 0,595 | 0,585 0,600
0,6 6,909 | 7,400 7,390
0,7 9,286 | 9,456 9,453
0,8 6,324 | 6,397 6,334
0,9 1,913 | 1,954 1,960
1,0 0,422 | 0428 0,437
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4. VERIFICATION CALCULATIONS

4.1. Input data of the verification calculations

The calculation was made for these current densities: J
= Jy sin o, where J, = J1 =1.10°, J; = J2 = 2.10° and J,=
J3 = 3.10° Am? The mean value of the relative
permeability of the electrical steel is counted from its
magnetization characteristics (Fig. 2): 4 ;4 =505 . Other

physical parameters are in paragraph 2.

4.2. Results of the verification calculations and their
discussion

The time needed for the solution of the magnetic field
of the AC powered nonlinear model to reach the steady
state was observed. From the Tab. 3 it is clear that the
steady state is reached relatively quickly, the differences
between the fifth and the tenth period are negligible.
Tenth period can therefore be declared as the steady state
solution for the nonlinear model and therefore also for the
linearized model. The following results stand for the tenth
period of the AC.

Table 3 Steadying of the time variant magnetic field excited by
the harmonic current; solution of the nonlinear mathematical

model, J, =2.10° A/m*>, f =50 Hz

wy [10°Wim®]
t/Ty | 1. perioda | 5. perioda | 10. perioda
0,0 0,000 0,420 0,421
0,1 4,893 6,853 6,854
0,2 6,338 9,122 9,130
0,3 4,215 6,017 6,036
0,4 1,337 1,829 1,834
0,5 0,595 0,420 0,420
0,6 6,909 6,857 6,856
0,7 9,286 9,151 9,146
0,8 6,324 6,077 6,065
0,9 1,913 1,842 1,839
1,0 0,422 0,421 0,421

Joule losses density wy in the cylinder was calculated
both for the nonlinear model and for the linearized model
at different current densities J, (Fig. 5 and Fig. 6). The
mean values at time levels # were calculated as:

W (1) = — [w(rz0)dV (17)

1
ny
wherein V| is the volume of the cylinder. It was found that
there is a significant difference between the two solutions;
the losses in the nonlinear model are significantly lower,
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Fig. 5 The influence of Jon wy, [W/m3 :| for the nonlinear
transient problem; tenth period, /=50 Hz= 1, =0.02 s,
1...J1 = 1.10°Am?, 2... J2=2.10°Am~, 3... J3 = 3.10° Am™
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Fig. 6 The influence of J, on w; .4 [W/m3:| for
the linearized transient problem; tenth period, f =50 Hz
= T,=0.025s, p,, =505, 1...J1 = 1.10° Am?,
2...J2=2.10°Am?, 3... J3=3.10° Am™

and the difference increases with the excitation current.
Linearized solution obviously includes a big error.
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Fig. 7 The time function of the mean value of the magnetic field
intensity Hg in the nonlinear cylinder (tenth period, =50 Hz,

7,=0.02 s,J,=2[10° Am™|

ISSN 1335-8243 (print) © 2013 FEI TUKE

This finding is in accordance with the following
considerations. Let us determine the steady time course of
the mean value of the intensity of the magnetic field
Hiqa(®) in the cylinder (Fig. 7). Then, with regard to the
course of u(H) shown in Fig. 2, it is apparent that the
values g in the nonlinear model are generally less than the
value 4,44 =505, which we used in the linearized model.

This difference increases with the value of J,. It is

obvious that the values W) and J,, , are lower for the

nonlinear model than the corresponding values for the
linearized model.

5. CONCLUSION

The effect of linearization of the mathematical model
of the ferromagnetic cylinder in the alternating magnetic
field was evaluated in this paper. Although linearization
allows to calculate with the use of  phasors, which
significantly simplifies the numerical solution, it can
cause a large error in results. It is therefore recommended
to give proper attention to the question of the eligibility of
the linearization of the mathematical model and in case of
doubt (e.g. for larger values of the flux density), to give
priority to the computationally more laborious, but more
reliable nonlinear mathematical model.
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