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ABSTRACT 
The dynamics neglected during the identification of the process, the variation of stator resistances and cyclic inductances induce 

a difference between the process and the nominal mathematical model.   
These drifts are due to the temperature, the saturation of the magnetic circuit and the skin effect. In this case, the traditional 

methods such as Bode design, Nyquist design, and Nichols chart design fail to satisfy robust stability and performance.  To solve this 
problem, an efficient robust method called the H∞  design method is used. This approach permits to achieve a successfully designed 
control system, which is able to maintain stability and performance level in spite of uncertainties in system dynamics.  In this article, 
we present the field orientation control (FOC) of the permanent magnets synchronous machine (PMSM) fed by a voltage source 
inverter with regulated currents on the d and q axes.  

The field orientation control consists in regulating the flux by one component of the current and the torque by the other 
component. So, it is necessary to consider a reference frame attached to the rotor with direct and quadrature axes and a control law 
that ensure the decoupling of the torque and flux.  In the case of the permanent magnets synchronous machine, if  the current  id  is 
maintained null, the stator reaction flux  is  in quadrature with the flux produced by the permanent magnets, then the  torque 
becomes directly proportional to the current iq and  the model  of the machine becomes equivalent to that of the DC machine. As a 
result, the model of the PMS machine is divided into two independent SISO systems. 
 
Keywords: stabilisable, detectable, spectral radius, singular value, infinity norm, uncertainty, robustness. 
 
 
1. INTRODUCTION 
 

A PID controller is designed to control the rotor speed. 
It delivers the reference current iqr. Two H∞ optimal 
controllers are designed, one controls the current iq and 
the other controls the current id. To design the H∞ optimal 
controllers, we use the state-space approach to solve a 
standard H∞ problem [8, 9, 10, 11], which is to find an 
output feedback controller K(s) so that the H∞ norm of the 
closed-loop transfer function is strictly less than a 
prescribed positive number  γ:               
 

γ≺
∞T wz                                                        (1) 

 
The existence of the controller depends upon the 

unique stabilizing solutions to two algebraic Riccati 
equations being positive semi definite and the spectral 
radius of their product being less than γ2. The feedback 
configuration is shown in Fig.1, where P(s) is a linear 
system described by the following state space equation: 
 

)()()(A  )( 21
. tutwtxtx BB ++=  

)()()()( 12111 tutwtxtz DDC ++=                          (2)             

)()()()( 22212 tutwtxty DDC ++=    
 
where Rntx ∈)( is the state vector, Rmtw 1)( ∈ the 

exogenous input vector, Rmtu 2)( ∈  the control input 

vector, R ptz 1)( ∈  the error (output) vector, and 

R pty 2)( ∈ the measurement vector. 

 
 
 
 
 
 
 
 
 
 
 

Fig. 1  A feedback system. 

 
The results are obtained under the following assumptions: 
 
A1   (A, B2) is stabilisable and (A, C2) is detectable; 
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2. THE  PMS MACHINE MODEL 

 
The model of the PMS machine can be described by 

the following equations expressed in the rotor reference 
frame (qd frame): 

iLiLirv qqd
ddsd dt

d ω−+=                              (3) 
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φωω fdd
q

qqsq iLiLirv
dt

d +++=                 (4) 
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3 iiLLiT qdqdqfe p −+= φ                       (5) 

ωω rp=  

The mechanical equation is given by 
 

TT mrer Fdt
d

J −−= ωω                                     (6) 

dt
dr θω =                                                                (7) 

To have the two axes d and q decoupled, the terms 
ωLqiq and (ωLdid + φf) are neglected from the expressions 
(3) and (4), respectively. The model of the machine 
becomes: 

dt
d iLirv d

ddsd +=0                                             (8) 

dt
d iLirv q

qqsq +=0                                               (9) 

Each coupling term is added to the output signal of 
the corresponding current controller (Kd(s) or Kq(s)), in 
order to obtain the reference voltages vdr and vqr, as shown 
in Fig.1 and Fig.2. 
 
 
 
 
 
 
 
 
 

Fig. 2  Reference voltage (vdr)  generation 
 
 
 
 
 
 
 
 
 

Fig. 3  Reference voltage (vqr) generation. 
 

The entire block diagram representing the field 
orientation control (FOC) of the PMS machine is shown 
in Fig. 4. 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4  FOC of the PMS machine 

3. H∞ DESIGN OF CONTROLLERS 
 
3.1.  Solution formulae  

 
Theorem 1. [2, 5, 6, 8] With P(s) satisfying the 

assumptions A1–A4. There exists an internally stabilising 
controller K(s) such that  

 

γ≺∞),( KPFL   if and only if  
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where σ  denotes the largest singular value of the 
corresponding matrix, 
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and  
(b) there exist stabilising solutions X ≥  0 and Y ≥ 0 
satisfying the two algebraic Riccati equations 
corresponding to the Hamiltonian matrices H and J, 
respectively, and such that  

γρ 2)( ≺XY  

where ρ(.) denotes the spectral radius. 
The H∞ solution formulae use solutions of two algebraic 
Riccati equations. 
Let’s define 
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Assume that Rnh and Rnj are nonsingular. We define two 
Hamiltonian matrices H and J as 
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The stabilising solutions X and Y are symmetric matrices 
that solve the algebraic Riccati equations (18) and (19) 
respectively and are such that XWE xx −  and 

YWE yy −  are stable matrices 

0=+−+ QWEE xxx
T

x XXXX                      (18) 

0=+−+ QWEE yyy
T

y YYYY                         (19) 

 
Based on X and Y, a state feedback matrix F and an 
observer gain matrix L can be constructed 
 

)( 11
1 XBF TT

snh CDR +=
−−                              (20) 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
=

F
F
F

F
FF

2

12

11

2

1          

1
11 )( −−−= RDB jn

TT
s YCL                              (21) 

[ ] [ ]LLLLLL 2121121 ==                               (22) 

 
Theorem 2.  [2, 5, 6, 8]  Given that the conditions of 
theorem 1 are satisfied, then all rational, internally 
stabilising controllers, K(s), satisfying 
                

( ( ), ( )lF P s K s γ∞≺  are given by 

                     )M,()( Φ=FlsK  
 
For any rational Φ(s) ∈ H∞ such that s γΦ
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where M(s) has the realisation 
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Φ(s) is chosen to be 0, then the corresponding suboptimal 
controller called the central controller is given in state-
space form: 
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3.2. Selection of weighting filters 
 
      The transfer functions of the plants in the d and q axis 
are derived from equations (8) and (9) respectively. 
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      To start with the H∞ design, let’s consider the block 
scheme of the configuration in Fig.5, where G(s) 
represents the transfer function of the plant. K(s) is the 
controller to be designed. The control objective is to make 
the output i0 follow the reference, iref, as closely as 
possible. 
 
 
 
 
 
 
 
 

Fig. 5  Feedback configuration 

 
Using the system in Fig.5, we have, 
-  For the feedback configuration in the d axis: 

                io(t) = id(t),  
                iref = idr,  
                G(s) = Gd(s),  
                K(s) = Kd(s) 
 
-  For the feedback configuration in the q axis: 

               io(t) = iq(t), 
               iref = iqr,  
               G(s) = Gq(s),  
               K(s) = Kq(s) 
  

K(s) G(s)
iref u io
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Remark:  In Fig.5, Only the systems Gd and Gq are 
considered because the static gain of the inverter is taken 
equal to 1, saturations, voltage drops and delays due to the 
inverter are neglected . 

By incorporating weighting filters to output signals e, 
u, and i0 in the closed-loop configuration of Fig. 5, we 
obtain the configuration diagram of Fig. 6.  The error e is 
weighted by the filter w1(s), the command u by  w2(s), and 
the output i0 by w3(s).  
  
 

 

 

 

 
Fig. 6  Introduction of weighting filters 
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S(s) and T(s) are respectively the sensitivity and the 
complementary sensitivity functions. Let γ be chosen as 1. 
The H∞ control design will be formulated in such a way 
that an optimal controller will be designed such that the 
closed-loop transfer function satisfies the infinity-norm 
inequality: 
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The inequality (40) implies that 
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The selection of the weighting filters for the feedback 
configuration in the q axis is as follows:  
The filter w1(s) was selected so that the Bode diagram of 
1/ |w1(jω)|:    

1. intercepts the 0-dB axis at the frequency  156 
rad/s so that the open-loop transfer function 
bandwidth will be close to 156 rad/s, 

2. presents a gain of 1.51 at high frequencies in 
order to limit the H∞ norm of  the sensitivity S. 
This imposes a stability margin of at least  0.66. 

3. allows the tracking of the reference input by the 
output with a static error less than 0.01%. 
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The control weighting function w2(s) is chosen simply as 
the scalar function: 
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The filter w3 is selected so that the gain of 1/|w3| is 6 

dB at low frequencies and the attenuation is 80 dB at high 
frequencies. The frequency at which the Bode diagram of 
1/|w3| intercepts the 0-dB axis is 235 rad/s. 
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The weighting filters for the feedback configuration in the 
d axis are: 
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3.3. Design of the controller Kq 
 

Comparison between the block diagrams of  Fig.1 and  
Fig.6 gives: 
- Inputs: )()( ttw iqr=   

- Supervised signals:  [ ] T
ttttz eee )()()()( 321=  

- Input of the controller:  )()( tety =  
- The controller output is )(tu  in Fig.1 and Fig.6.  

The representation (1) used to solve the H∞ problem is 
obtained by considering a state representation for each of 
the following transfer functions Gq(s), w1(s), w2(s), and 
w3(s):   
 
Gq(s):  (input u, output iq): 
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w1(s):  (input e, output e1): 
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w2(s):  (input u, output e2): 
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w3(s):  (input iq, output e3): 
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The error )(te and the state vector )( tx are: 
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Finally, we get the state representation (1) from the above 
equations. The matrices A, B1, B2, C1, D11, D12,  C2, D21, 
D22 are given as follows:   
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The system data given is not in the normalisation 

form. In order to apply theorem 1, certain transformations 
must be used first. Using the singular value decomposition 
(SVD), we find orthogonal matrices U12, and V12 such that  
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The orthogonal transformation on D21 is not needed since 
p2 = m1 and  p1 > m2. 

The normalisation of P(s) into )(sP  is based on the 
above transformations, and is obtained as follows: 
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D11  can be partitioned as follows: 
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In order to apply theorem 1, the matrices in the general 

form (matrices without bars) of P(s), used in section (3.1), 
are replaced by matrices in the normalized system 
data )(sP (matrices with bars). )(sP  is the normalised 
system in the q axis. 
The first condition of theorem 1 is satisfied since we have: 
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Matrices Rnh and Rnj are given by equations (14) and (15), 
respectively. 
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Rnh and Rnj are nonsingular. This condition implies the 
existence of the two Hamiltonian matrices H and J, given 
by equations (16) and (17). 
The stabilising solution X that solves the Riccati equation 
(18) is denoted as 
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The eigenvalues of the matrix X are:  
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X is positive definite. 
 
The stabilising solution Y that solves the Riccati equation 
(19) is denoted as 
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The eigenvalues of the matrix Y are: 
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The matrix Y is positive semi definite. 
 
The eigenvalues of the matrix XWE xx −  are 
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The matrices XWE xx −  and YWE yy − are stable since 
the real parts of their corresponding eigenvalues are 
negative.  
The spectral radius is  
 
ρ(XY) = 0 < 1 (γ2 = 1). 
 
The conditions of theorem 1 are satisfied, then the 
controller Kq is computed by applying theorem 2.  

By using equations (20) through (32), we obtain the the  
following results: 
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The suboptimal controller called the central controller is 
given in state-space form: 
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The corresponding transfer function is given by  

)10104.64793()01174.0()10717.2(
)3.214()105()10714.2(70.49)( 626
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The open-loop transfer function L(s) is given by equation  
(69). 
 

)()()( sssL KG qq=                                           (69) 
 
The frequency response of L(s) is shown in Fig.7. The 
gain margin is 31.2 dB, it occurs at the frequency 2600 
rad/s. The phase margin is 83.7 degrees, and it occurs at 
145 rad/s. The stability margin Mm is  

Mm = inf{ |1 + L(jω)| /ω varies} = 92.01
=

∞
S

   

The steady state error is given by: 
 

ess = 

0
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=
+

−

s
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<  10-4    
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Fig. 7  Frequency response of  (L(s)) 
 
The transient response to reference input iqr, is given in 
Fig.8, the settling time is 0.025 second, and the rise time is 
0.013 second, the maximum overshoot is 0%. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 8  Transient response to reference input 
 
 
The conditions 41, 42, and 43 are satisfied as shown in 
figures 9, 10, and 11 respectively. 
 
 
 
 
 
 
 
 
 
 
 

Fig. 9  | S | and its bound 1/ | w1 | 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 10  | KqS | and its bound 1/ | w2 

 
 
 
 
 
 
 
 
 
 

Fig. 11  | T | and its bound 1/ | w3 | 

 
3.4.  Design of the controller Kd 
 
   The controller Kd is designed by applying the same 
procedure as in section (3.3). The data is taken from the 
plant in the d axis; this consists of the system Gd(s) and 
the weighting filters w1(s), w2(s) and w3(s) given by 
equations (24), (25) and (26) respectively. 
The transfer function Kd(s) has been computed. It is given 
by: 
   

)10584.12428()0040.0()10155.1(
)6.428()105()10155.1(7364.2

626
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The system with Kd achieves the following 

performances: 
- In the frequency domain, the gain margin is 32.3 dB, it 
occurs at 1290 rad/sec.   The phase margin is 84.7 
degrees, it occurs at 61 rad/sec.  
- In the time domain, the settling time is 0.059 second, and 
the rise time is 0.032 second.  
The steady state error is given by: 
 

ess = 

0

106.6
))((lim1

1 5

→

=
+

−

s
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The stability margin Mm is  
 

Mm = inf{ |1 + L(jω)| \ ω varies } = 95.01
=

∞
S

 

 
3.5.  Controller-order reduction 
 
The order of the controllers Kq and Kd can be reduced to 
the third order. The transfer functions become: 
 

( ) ( )
( )62

4

qr 106.104 + 4793s +  
214.3+s105+s

49.7026
sK s

=         (71) 

)101.584 + 2428s +  ( s 
428.6)+(s )105+(s  2.7364

62

4

s
=K rd                  (72) 

 
4. SIMULATION RESULTS 
 

In order to perform the simulation using the system of 
Fig.4, the speed controller is a PID controller with the 
following coefficients: 
KP = 0.5045,   KD = 0.0045,      KI = 0.5  
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The global system shown in Fig.4 is tested by 
numerical simulation. The input ωref  is a step function 
with magnitude 175 rad/s. The mechanical torque applied 
to the motor’s shaft is originally 0 Nm.  First, we consider 
the nominal models in the d and q axes. Figure 12 shows 
that the electromagnetic torque climbs to nearly 14.3 Nm 
when the motor starts and stabilizes rapidly when the 
motor reaches the reference value. The mechanical torque 
steps to 3 Nm at instant t = 0.08 second. At this instant, 
the stator current iq and the electromagnetic torque 
increase to maintain the speed at its reference value Now, 
let The time constants of the plants vary by 50% of their 
nominal values, given below: 

τd  = 32.3310d

s

sL
r

−= ,    τq  = 34.6610q

s

sL
r

−=  

 Fig.13 shows that the electromagnetic torque Te, the 
stator currents id and iq produced, when the time constants 
vary, do not differ from those produced under the nominal 
plants. 
The oscillations of the current at the point of a load-torque 
step in Fig.12 and Fig. 13 are due to the fact that the 
differentiator portion of the PID controller is a high-pass 
filter, which usually accentuates any higher frequency 
noise that enters the system.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Fig. 12  Currents, torque and  speed  (nominal plants) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 13  Currents, torque and speed (variation of time 
constants) 

 
5. CONCLUSION 
 

The performance weighting function w1(s) ensures the 
following performances: 
- Good transient response; with the Kd controller, the 
settling time is 0.059 sec and with the Kq controller, the 
settling time is 0.025 sec. The difference is due to the fact 
that the bandwidth of the system with Kd is 50 rad/sec and 
that of the system with Kq is 145 rad/sec. A larger 
bandwidth gives rise to a faster settling time. 
- The steady-state error with Kd is 6.6 10-5, the steady-
state error with Kq is 8 10-5. Both errors are smaller than 
10-4. 
- The stability margin which indicates the robustness of 
the closed-loop system against the errors of the model is 
0.95 with Kd and 0.92 with Kq. Both margins are greater 
than 0.60 and 0.66. 
The results suggest that the sensitivity S should be 
penalised heavily at low frequencies to achieve good 
reference tracking and performance robustness. According 
to the simulation, although the time constants of the 
models vary by 50%, the stability and performance are 
maintained within acceptable limits. The H∞ design 
produces high-order controllers. 
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6. PARAMETERS OF THE PMSM MACHINE 
 

The parameters of the PMS machine are: 

mHLd 4.1= ,   mHLq 8.2= ,   Ω= 6.0rs  AI q 20max = ,   

4=P ,    Wbf 12.0=φ  sradnr /230=ω ,    NmTm 5.8=  
231011.1 mKgJ −= ,  13 /104.1 −−= srdNmF . 
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